Based on the geometry of entangled three and two qubit states, we present the connection between the entanglement measure of the three-qubit state defined using the last Hopf fibration and the entanglement measures known as two-and three-tangle. Moreover, the generalization of the geometric representation of four qubit state and a potential entanglement measure is studied using sedenions for the simplification of the Hilbert space S 31 of the four qubit system. An entanglement measure is proposed and the degree of entanglement is calculated for specific states. The difficulties of a possible generalization are discussed.
I. INTRODUCTION
Quantum entanglement can be understood as a physical resource associated with the nonclassical correlations between separate quantum systems. Many current investigations in Quantum Mechanics are directed toward essential questions about the nature and characterization of quantum entanglement. Recently, entanglement has gained importance in current developments in quantum cryptography and quantum computing. Entanglement measures are well understood for systems of two and three qubits. Nevertheless, entanglement measures for high dimensional systems are still a matter of research, including the challenging topic of multi-qubit systems [1, 2, 3, 4] . This investigation is focused on a geometrical explanation of entanglement between qubits using Hopf fibration as a helpful mathematical tool for the reduction of the Hilbert space of the composite system. Basically, a Hopf fibration is a map from a higher dimensional unit sphere to a lower dimensional unit sphere which is not null-homotopic. The simplest example of a Hopf fibration is a map from a three-sphere into a two-sphere in three dimensional Euclidean space S 3 S 1 → S 2 , which helps to define the well known Bloch sphere as the representation of one pure qubit. In this case, two complex numbers are necessary for the normalization condition that depends on four real parameters. These real numbers define a three-sphere and using the Hopf fibration, all the states differing by a global phase are identified with a unique point in the two-sphere [2] . The circle parameterized by a phase is called the "fibre" and the two-sphere is called the "base". The Hopf fibration between higher dimensional spheres is useful for the geometrical understanding of two and three qubits and the role of entanglement is very important from this * Electronic address: p-pinill@uniandes.edu.co † Electronic address: jluthra@uniandes.edu.co point of view [1, 2] .
The normalization condition for a pure two qubit system depends on four complex numbers; this means eight real parameters that define a seven-sphere. At this point, it is possible to define two quaternions such that this normalization will be completely analogous to the case of a single qubit. The second Hopf fibration maps a seven-sphere to a four-sphere; the fibre is now a three-sphere and the base is a four-sphere S 7 S 3 → S 4 , this means that all the states differing by a unit quaternion are mapped onto the same value in the base. Usually, this fibration reduces the two original quaternions to one, but in the separable situation this quaternion simplifies to a complex number and the base is reduced to an ordinary sphere, that is, the Bloch sphere of one of the qubits. Therefore, the Hopf fibration can determine if the two-qubit state is entangled or separable [1, 2] . The next step in this iteration is the quantum system of three qubits, in which a visible difference appears in this instance because the separability among the qubits can be possible in two different ways: First, the three qubits can be separated in the subspace of a single qubit and the subspace of two qubits (bi-separable); and second when the three qubits are fully separated. With the third fibration, the Hilbert space of the three-qubit system, a fifteen-sphere is mapped onto an eight-sphere as base and a seven-sphere as fibre S 15 S 7 → S 8 ; this fibration is also entanglement sensitive [1] since in the bi-separable case the fibration maps once more into the subspace of pure complex numbers. The fully separated case is acquired from the second Hopf fibration acting over the fibre which can be reduced to the multiplication of two Bloch spheres.
The goal of this paper is the generalization of this idea for four-qubit systems and an entanglement measure is proposed and tested for well-known states. The paper is organized as fallow: In section 2 we recall the work and results of [1, 2] and we make the identification between the entanglement measure introduced in [1] and the two and three-tangle [3, 4] . In section 3 we give a generalization of the Hopf fibration idea for four-qubit systems and an entanglement measure is introduced and compared with the existing measures in literature for some specific states. Finally, a conclusion about a possible generalization for the n-qubit case is discussed.
II. GEOMETRIC REPRESENTATION OF TWO AND THREE QUBITS
A. Two qubits and second Hopf fibration
The simplest case of entanglement in Quantum Mechanics is the system made up of two qubits in which the entanglement measures are well explained. A composite two qubit pure system reads |Ψ = a 00 |00 + a 01 |01 + a 10 |10 + a 11 |11
(1) with a 00 , a 01 , a 10 , a 11 ∈ C, |a 00 | 2 +|a 01 | 2 +|a 10 | 2 +|a 11 | 2 = 1 (2) and the state (1) is separable if and only if a 00 a 11 = a 01 a 10 .
The normalization condition (2) identifies the Hilbert space of two qubits to a seven-dimensional sphere S 7 , embedded in R 8 . The Hopf fibration formulation is a composition of two maps [1] ,
where σ i in (4c) are the Pauli matrices in quaternionic space. The quaternions used in (4a) are defined from the complex coefficients of the state |Ψ in (1) as
such that the first part (4a) of the whole map gives, h 1 = (ā 00 a 10 +ā 01 a 11 ) + (a 00 a 11 − a 01 a 10 ) i 2
The value of the quaternion h 1 is entanglement sensitive with condition (3) since in the separable case h 1 is now a simple complex number. The second map h 2 (4b) is an inverse stereographic projection and it sends any two qubit state into points on S 4 with co-
The inverse stereographic projection from the north pole (1, 0, 0, 0, 0) onto the equatorial plane leave, as a result, the following coordinates:
X 2 = 2Re (ā 00 a 10 +ā 01 a 11 ) X 3 = 2Im (ā 00 a 10 +ā 01 a 11 ) X 4 = 2Re (a 00 a 11 − a 01 a 10 ) X 5 = 2Im (a 00 a 11 − a 01 a 10 )
When the state |Ψ is separable, the coordinates X 4 and X 5 are immediately zero. Otherwise, these two coordinates have the information about the entanglement and they are directly related with the concurrence defined by Wootters [5] , since X 2 4 + X 2 5 is the concurrence squared. In this situation, the information about the first qubit and its entanglement with the second qubit is stored in the base space S 4 and the information about the second qubit is in the fibre space S 3 . For separable states, the original Hilbert space S 7 simplifies to S 2 × S 2 .
B. Three qubits and third Hopf fibration
A general composite three qubit pure system is given by |Ψ = a 000 |000 + a 001 |001 + a 010 |010 + a 011 |011 +a 100 |100 + a 101 |101 + a 110 |110 + a 111 |111 ; a 000 , a 001 , a 010 , a 011 , a 100 , a 101 , a 110 , a 111 ∈ C (8) in this case, the normalization condition reads,
A visible difference appears in this case in which the separability among the qubits can be possible by two different ways: First, the three qubits can be separated in the subspace of a single qubit with basis {|0 , |1 } and the subspace of the other two qubits {|00 , |01 , |10 , |11 }
and consequently the separability conditions are:
a 000 a 101 = a 110 a 011 a 000 a 100 = a 110 a 010 a 000 a 111 = a 110 a 001 a 001 a 101 = a 111 a 011 a 001 a 100 = a 111 a 010 a 010 a 101 = a 100 a 011 .
For the case when the three qubits are fully separated, two steps are needed to explain entanglement: one in which the three qubits are separable by (10), followed by the condition that the two qubit subset is separable in each qubit subset and the procedure is as in section II A. In this situation, the normalization condition (9) identifies the Hilbert space of three qubits to a fifteendimensional sphere S 15 , embedded in R 16 . The last Hopf fibration formulation is a composition of the following two maps [1] ,
where σ i in (12c) are given by
and the octonions in (12a) are defined from the complex coefficients of the state |Ψ in (8) . From the CayleyDickson construction:
and the first part of the map (12a) is [1] 
h ′ 1 is also sensitive to the conditions in (11) , and h ′ 1 maps into the subspace of pure complex numbers C ∪ ∞ in the octonionic field O ∪ ∞ [1] . As discussed in the previous section, the coordinates X 3 , X 4 , X 5 , X 6 , X 7 , X 8 are zero for separable states, and non-null for entangled states. These coordinates characterize the degree of entanglement of one qubit with the other two qubits and it is possible to define a measure E as [1]
(17)
C. Relation with two-tangle and three-tangle
The quantity (17) is directly related to an entanglement measures known as three-tangle and two-tangle [3, 4] . These measures depends of the hyperdeterminant of the tensor with coefficients (a ijk ) that define the state |Ψ in (8) . For a tensor A with components a ijk , this hyperdeterminant is defined as [6] det(A) = 1 2
where ǫ in (18) is the Levi-Civita symbol. The threetangle measure gives information about entanglement between all three qubits (A, B, C) and is given by
The two-tangle measure gives the information about entanglement between one subsystem (e.g. A) and the other two subsystems (BC):
Explicitly, 
III. GEOMETRIC REPRESENTATION OF FOUR QUBITS
This section emphasizes in a possible map (as the Hopf fibration for two and three qubit states) that helps us to reduce the Hilbert space of four qubits to a lower space and gives an entanglement interpretation of this geometric illustration. For this, we continue the iteration of the Cayley-Dickson construction and we use sedenions. The real, complex, quaternion and octonion numbers define a division algebra. The octonions are the biggest division algebra since in sedenions the division property is lost, this is because they have zero divisors, that means that two non-zero sedenions can be multiplied to obtain a zero result.
Mathematically, the Hopf fibration in this case does not exist, this tells us that the systems of one, two and three qubits are the only systems that accept a Hopf fibration interpretation [1] . To find a possible map that reduces the original Hilbert space of four qubits, as the Hopf fibrations does with the previous cases is our goal. The idea is to introduce a new map like a Hopf fibration with restrictions and study some specific examples as GHZ and W states.
The general pure state of four qubits is given by |Ψ = a ABCD |ABCD = a 0000 |0000 + a 0001 |0001 + a 0010 |0010 + a 0100 |0100 + a 1000 |1000 + a 0011 |0011 + a 0110 |0110 + a 1100 |1100 + a 0101 |0101 + a 1001 |1001 + a 1010 |1010 + a 0111 |0111 + a 1110 |1110 + a 1011 |1011 + a 1101 |1101 + a 1111 |1111
the normalization condition in this case reads
This condition identifies the Hilbert space of four qubits to a S 31 ∈ R 32 . It is important to understand that the entanglement of four qubits is not so simple to explain as we did before with three and two qubits. The different ways that four qubits can be entangled are more complicated that the cases studied in the previous sections. Furthermore, four qubits can be entangled in nine different ways [7] . Our interest is emphasized in the case when one qubit (e.g. qubit A) is separated of the other three, it is important to note that this case is independent of the qubit choice, it can be any of them. In this situation the pure qubit state can be written as
With (24) it is possible to find the separability conditions, some of them are:
a 0010 a 1000 = a 1010 a 0000 a 0110 a 1100 = a 1110 a 0100 a 0000 a 1011 = a 0011 a 1000 ...
For the four qubits case, we expect that the information about the separated qubit and its entanglement with the other three qubits is stored in the base S 16 . Also, we anticipate that the information of the other three qubits is in the fibre S 15 and the corresponding entanglement analysis is possible with the fibrations studied. Similar to the previous cases, the possible map should be
where σ i in (26c) are the Pauli matrices ti sedenionic space
The sedenions in (26a) are defined from the complex coefficients of the state |Ψ in (22). This map (26) is not always possible since the division property is lost for sedenions, this gives us an impossibility of a broad map for a general four qubit pure state, and the fibre of the map is not clear since the multiplication of sedenions is neither commutative, associative nor alternative. Nevertheless, it is possible to construct two sedenions in which case the multiplication is not null. 
And the possible coordinates that define the S 16 are
. . .
Analogous to the three and two qubit cases we expect that this map (26) is entanglement sensitive. Moreover, in the case when one qubit is separated from the other three, only three of the last coordinates in (29) are not null. The first part of the whole map (26a) is now
In the generic case, h ′′ 1 is a sedenion. Nevertheless with some of the conditions (25), in which the four qubits are separable as one-qubit ⊗ three-qubits, the numbers K 2 , K 3 and K 4 are zero, evenmore K 1 is reduced to a complex number, and h ′′ 1 maps into the subspace of pure complex numbers C ∪ ∞ in the sedenionic field S ∪ ∞ as in the last case, and it is proved that this map is also entanglement sensitive. and K 4 are not null and the map defined (26) is always possible with the sedenions defined as (28) and it is useful for the study of the quantum correlation of one qubit with the other three. The importance of (28) lies in the fact that the multiplication of these sedenions is not null.
Analogous to the last case, since the coordinates X 3 , ..., X 17 are zero for separable states, and non-null for entangled states, it is possible to characterize the degree of entanglement of one qubit with the other three qubits using these coordinates, such that E = X [3, 8, 9, 10] and give the value of E for some known states. The first important thing is to note that E in (33) is different from the three-tangle [11] defined in this case as τ A(BCD) = 4 det(ρ A ) where ρ A is the reduced matrix defined as ρ A = Tr BCD |Ψ ABCD Ψ ABCD |, like in the case of three qubits.
